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Abstract. Let (M,g) be a compact Riemannian manifold of dimension n > 3. We define the second 
Yamabe invariant as the infimum of the second eigenvalue of the Yamabe operator over the metrics 
conformal to g and of volume 1. We study when it is attained. As an application, we find nodal 
solutions of the Yamabe equation. 
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1. Introduction 

Let (M, g) be an n-dimcnsional compact Riemannian manifold (n > 3). In jYamBOj Yamabe attempted to 
show that there is a metric g conformal to g such that the scalar curvature S g of g is constant. However, 
Trudinger |Tru68| realized that Yamabe's proof contained a serious gap. The problem is now solved, but 
it took a very long time to find the good approach. The problem of finding a metric g with constant 
scalar curvature in the conformal class [g] is called the Yamabe problem. The first step towards a rigorous 
solution of this problem was achieved by Trudinger |Tru68j who was able to repair the gap of Yamabe's 
article in the case that the scalar curvature of g is non-positive. Eight years later, Aubin |Aub76| solved 
the problem for arbitrary non locally conformally flat manifolds of dimension n > 6. The problem was 
completely solved another eight years later in an article of Schoen jScliS 1, in which the proof was reduced 
to the positive-mass theorem which had previously been proved by Schoen and Yau [SY79I EY88 . The 
reader can refer to LP87], |Aub76j or Hcb97 for more information on this subject. The method to solve 
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the Yamabe problem was the following. Let u £ C°°(M), u > be a smooth function and g = u N 2 g 
where ./V = -^W. Then, multiplying u by a constant, the following equation is satisfied: 



-2 



L g (u) = S- g \u\ N - 2 u. 



where 



Lg - C n Ag + Sg — ^ ~ " Ag + Sg 



is called the Yamabe operator. As a consequence, solving the Yamabe problem is equivalent to finding a 
positive smooth solution u of 



Lg(u)=C \u\"-'u. (1) 
where Co is a constant. In order to obtain solutions of this equation Yamabe defined the quantity 

H(M,g)= inf Y(u) 

u/0,ueC°°(M) 



J M Cn\Vu\ 



where 

Y(u) 

(hM N dv g y 

Nowadays, fx(M,g) is called the Yamabe invariant, and Y the Yamabe functional. Writing the Euler- 
Lagrange equation associated to Y , we see that there exists a one to one correspondence between critical 
points of Y and solutions of equation ft|. In particular, if u is a positive smooth function such that 
Y(u) = fi(M,g), then u is a solution of and g = u N ~ 2 g is the desired metric of constant scalar 
curvature. The key point of the resolution of the Yamabe problem is the following theorem due to Aubin 
|Aub76| . In the theorem and in the whole article, will always denote the sphere 5™ with the standard 
Riemannian structure. 



Theorem 1.1. Let (M,g) be a compact Riemannian manifold of dimension n > 3. If fi(M,g) < /i(S n ), 
then there exists a positive smooth function u such that Y(u) = fi(M,g). 

This strict inequality is used to show that a minimizing sequence does not concentrate in any point. 
Aubin |Aub76j and Schoen |Sch84j proved the following. 

Theorem 1.2. Let (M,g) be a compact Riemannian manifold of dimension n > 3. Then ji{M,g) < 

//(§") = n(n — l)uJn where u> n stands for the volume of the standard sphere S n . Moreover, we have 
equality in this inequality if and only if (M, g) is conformally diffeomorphic to the sphere. 

These theorems solves the Yamabe problem. 



In this paper, we introduce and study an invariant that we will call the second Yamabe invariant. It is 
well known that the operator L g has discrete spectrum 

S P cc( J L s ) = {A 1 (. 9 ),A 2 ( 5 ),---} 

where the eigenvalues 

Ma) < Ha) <h(g)<---< \k(g) > +°° 

appear with their multiplicities. The variational characterization of Ai(g) is given by 



J M c„|Vu| 2 + SgU 2 dv g 



u/o,ueC°°(M) J M \u\ 2 dv g 

Let [g] be the conformal class of g. Assume now that the Yamabe invariant /i(M, g) > 0. It is easy to 
check that 

n(M,g)= M Xx(g)Vol(M,g)«, 
Se[g] 

where [g] is the conformal class of g. We then enlarge this definition. 
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Definition 1.3. Let k G N*. Then, the k Yamabe invariant is defined by 

Hk(M,g)= inf \ k (g)Vol(M,g)%. 
s6 [a] 

With these notations, (ii(M,g) equals to Yamabe invariant /j,(M,g) in the case fi(M,g) > 0, and 
fj,i(M,g) = — oo in the case /i(M, g) < 0. 

The goal of this article is to study the second Yamabe invariant /i 2 (M, g) for manifolds whose Yamabe 
invariant in the case n(M, g) > 0. As explained in Section^ the most interesting case is when /i(M, g) > 0. 
In particular, we discuss whether /i 2 (M, g) is attained. This question is discussed in Subsection l5.ll In 
particular, Proposition 15.21 asserts that contrary to the standard Yamabe invariant, fj,2(M,g) cannot 
be attained by a metric if M is connected. In other words, there does not exist g G [g] such that 
H%(M,g) = A2(.9)Vol(M, g)~ . In order to find minimizers, we enlarge the conformal class [g] to what 
we call the class of generalized metrics conformal to g. A generalized metric is a "metric" of the form 
g = u N ~ 2 g, where u is no longer necessarily positive and smooth, but u G L N (M), u > 0, u ^ 0. The 
definitions of A 2 (g) and of Vol(M, g) can be extended to generalized metrics (see section 3). Then, we 
are able to prove the following result: 

Theorem 1.4. Let (M,g) be a compact Riemannian manifold of dimension n > 3 whose Yamabe invari- 
ant is non-negative. Then, fj,2{M,g) is attained by a generalized metric in the following cases: 

• f i 1 {M,g)>0 andii2{M,g) < |>i(M,p)t + Mi(§")) f ] 

• m{M,g) =0 and(i2(M,g) < fn(S n ) 

where /ii(§") = n(n — l)u>n is the Yamabe invariant of the standard sphere. 

The result we obtain in the case [ix(M,g) — is not surprising. Indeed, when /x 2 (M, g) < ^i(§"), 
Aubin's methods |Aub76j can be adapted here and allow to avoid concentration of minimizing sequences. 

However, when fi 1 (M,g) > and ^(M^g) < [/xi(M, g)% + /xi(S"))t] ™ , the result is much more difficult 
to obtain (see Subsection |SJ). A second result is to find explicit examples for which the assumptions of 
Theorem 1 1 . 41 are satisfied. The method consists in finding an appropriate couple of test functions. 

Theorem 1.5. The assumptions of Theorem \l.J\ are satisfied in the following cases: 

• /j,i(M,g) > 0, (M,g) is not locally conformally flat and n> 11; 

• fj,\(M,g) = 0, (M,g) is not locally conformally flat and n>9. 

One of our motivations is to find solutions of the Yamabe equation JIJ with alternating sign, i.e. positive 
and negative values. If M is connected, alternating sign implies that the zero set u _1 (0) of u is not 
empty. In the following we will use the standard definition to call the zero set u _1 (0) of a function u 
the nodal set of u. A solution with a non-empty nodal set is usually called a nodal solution. If M is 
connected, then the maximum principle implies that a solution of the Yamabe equation is nodal if and 
only if it has alternating sign. They are called nodal solutions of the Yamabe equation. The articles 
|HV94| . |DJ02| . |Jou99| . |Hol99| prove existence of nodal solutions under symmetry assumptions or under 
some assumptions which allow to use Aubin's methods, as in Theorem 11.41 when /ii(M,g) = and 
fi2(M,g) < /ii(S"). If n(M,g) < 0, another method is given in Section |SJ The method we use here is 
completely different and we obtain solutions on a large class of manifolds. In particular, to our knowledge, 
there is no work which leads to the existence of such solutions if the Yamabe invariant is positive and if 
(M, g) is not conformally equivalent to the round sphere. The result we obtain is the following: 

Theorem 1.6. Let (M, g) be a compact Riemannian manifold of dimension n > 3. Assume that fi2(M, g) 
is attained by a generalized metric u N ~ 2 g where u £ L N (M), u > and u ^ 0. Let ft be the nodal set of 
u. Then, there exists a nodal solution w G C°° (M \ Q) nC 3,a (M) ( a < N — 2) of equation PJ) such that 
\w\ = u. 



4 



THE SECOND YAMABE INVARIANT 



A corollary of Theorems 1 1 . 41 IT31 and IT~^1 is then 

Corollary 1.7. Let (M,g) be a compact Riemannian manifold of dimension n > 3 whose Yamabe 
invariant is non-negative. We assume that one of the following assumptions is true: 

• Hi(M,g) > 0, (M,g) is not locally conformally flat and n > 11; 

• fii(M,g) — 0, (M,g) is not locally conformally flat and n>9. 
Then, there exists a nodal solution of Yamabe equation JTj) . 
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2. Variational characterization of ^ 2 (M,g) 

2.1. Notation. In the whole article we will use the following notations 

L^(M) := {u € L N (M) | u > 0, u ^ 0} . 

2.2. Grassmannians and the min-max principle. Let Gr fc (C°°(M)) be the fc-dimensional Grass- 
mannian in C°°(M), i.e. the set of all fc-dimensional subspaces of C°°(M). The Grassmannian is an 
important ingredient in the min-max characterization of Xk(g) 



J (L s v)vdvg 

jq) .= nil sup — f — . 

V£Gr k (C°°(M)) v£V \ {0} J M V 2 dv S 



Afe(Lg) := inf sup 



We will also need a slightly modified Grassmannian. For any u £ L^(M) we define Gr^(C°°) to be the 
set of all fc-dimensional subspaces of C°°(M), such that the restriction operator to M\u _1 (0) is injective. 
More explicitly, we have span(t>i, . . . , v^) £ Gr^(C°°(A/)) if and only if vi|m\„-i(o), • ■ ■ j v k\M\u- 1 (o) are 
linearly independent. Sometimes it will be convenient to use the equivalent statement that the functions 

W-2 JV-2 i-i 

u 2 vi, . . . , u 2 y k are linearly independent. 

Similarly, by replacing C°°(M) by Hf(M) we obtain the definitions of Gr fe (H 2 (M)) and Gr%(Hf(M)). 
2.3. The functionals. For all u £ i+(M), v £ H 2 (M) such that u^v ^ 0, we set 



2.4. Variational characterization of ^(Af, <?). The following characterization will be of central im- 
portance for our article. 



Proposition 2.1. We have 



fi k (M,g)= inf sup F{u,v) (2) 

ueLf(M) vev\{0} 

VeGrl{Hl(M)) 



Proof. Let u be a smooth positive function on M . For all smooth functions /, / ^ 0, we set g — u g 
(^=7^2) and 

Jm f dv-g 

The operator L g is conformally invariant (see |Heb97j ) in the following sense: 

U N - 1 Lg( U - 1 f)=Lg(f) (3) 
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Together with the fact that 



Jg — U, U,Ug, 

we get that 



dvg = u N dvg, (4) 



F'(u,f) = 



I M ( u f) L a( u f) dv a 



Using the min-max principle, we can write that 

X k (g) = inf sup F'(u,f) 

V£Gr»(ff? (M)) feV \{0} 

Now, replacing uf by v, we obtain that 



X k {g)= inf sup JM | , 3 . 5 

Using the definition of ii% and Volg(M) = J c?w ff , we derive 

fi k (M,g)= inf sup F(u,v) 

ueL^(M) v£V\{0} 
KeGr2(C°°(M)) 

The result follows immediately. 

3. Generalized metrics and the Euler-Lagrange equation 

3.1. A regularity result. We will need the following result. 
Lemma 3.1. Let u G L N (M) and v £ Hf(M). We assume that 

LgV = u N ~ 2 v 

holds in the sense of distributions. Then, v G L N+e (M) for some e > 0. 

This result is well known for the standard Yamabe equation. Proofs for the standard Yamabe equation can 
be found in Tru68 and Hcb97 , and the modifications for proving Lemma l3.1l are obvious. Unfortunately, 
Tru68 contains some typos, and the book Hcb97 is difficult to obtain. This is why we included a proof 
in the appendix for the convenience of the reader. 

3.2. The fc-th eigenvalue of the Yamabe operator for a generalized metric. On a given Rie- 
mannian manifold (M,g) we say that g = u N ~ 2 g, u € L+(AI), is a generalized metric conformal to g. 
For a generalized metric g, we can define 

f. r vL„v dv„ 

M9)= inf sup / M 2 | g . 6 

yeGr«(fff(M)) veV \{o} j M v 2 u N - 2 dvg 

Proposition 3.2. For any u G L+, g = u N ~ 2 there exist two functions v,w belonging to H 2 (M) with 
v > and such that in the sense of distributions. 

L g v = X^u^v (7) 

and 

L g w = X 2 {g)u N - 2 w. (8) 

Moreover, we can normalize v,w by 

u N ~ 2 v 2 dv g = / u N ~ 2 w 2 dv g = 1 and I u N - 2 vw dv g = (9) 

M JM JM 
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For k = 2 the infimum in formula JSJ over all subspaces V £ Gi% (Hf (M)) is attained by V — span(u, w) 
and the supremum over the functions in V \ {0} is attained by w. The reader should pay attention to 
the fact that the space V is in general non unique. As one can check, if w changes the sign then the 
supremum over all V £ V = span(u, w) \ {0} and the supremum over all v £ V\ = span(u), \w\) \ {0} 
coincide. 

From section ©, we get 

H 2 (M,g) = inf_A 2 (<?). 

gels] 

Hence, ^{M, g) can be attained by a regular metric, or by a generalized metric or it can be not attained 
at all. These questions are discussed in Section [S] Let us now prove Proposition 13. 21 



Proof of Proposition 13.21 Let (v m ) m be a minimizing sequence for Ai(<?) i.e. a sequence v m £ H 2 (M) 
such that 

lim -/m c "I V ^I 2 + S a v fn dv a = w-j 

It is well known that (|f m |)m is also a minimizing sequence. Hence, we can assume that v m > 0. If 
we normalize v m by J M m"" 2 ^ dv g = 1, then (v m ) m is bounded in H^(M) and after restriction to a 
subsequence we may assume that there exists v £ Hl(M), v > such that v m — > v weakly in H^(M), 
strongly in L 2 (M) and almost everywhere. If u is smooth, then 

.N-2 2 . . _ ,. f ..N-2..2 



u N - l v l dv g = lim / u N - z v z m dv g = 1 (10) 

M m JM 

and by standard arguments, v is a non- negative minimizer of the functional associated to Xi(g). We must 
show that (|10Jl still holds if u £ L+(M). Let A > be a large real number and set ua = inf (u, A). Then, 
using the Holder inequality, we write 



M 



< ( / v%- a \<-<?\do g + (u»- 2 -u»-*)(\v m \ + \v\) 2 dv g 



M JM 
2 ..2 1 



< A \v 2 m -v z \dv g 



M 



{U N - Z -U^—dVg) / (|« m | + \V\) N dVg 

M J \JM 



By Lebesgue's theorem we see that 



lim / {u N - 2 -u N A ~ 2 )^dv g = Q. 

Since (v m ) m is bounded in H 2 (M), it is bounded in L N [M) and hence there exists C > such that 
J M (\v m \ + \ V \) N dv g < C. By strong convergence in L 2 (M), 

r 

lim / \v m — v dv g = 0. 
m J M 

Equation (|10f> easily follows and v is a non-negative minimizer of the functional associated to Xi(g). 
Writing the Euler-Lagrange equation of v, we find that v satisfies equation {7J|. Now, we define 

. f M c n \Vw\ 2 + S g w 2 dv g 

where the infimum is taken over smooth functions w such that u~^~w ^ and such that j M u N ~ 2 vw dv g — 
0. With the same method, we find a minimizer w of this problem that satisfies JSJ with X' 2 (g) instead of 
X2(g). However, it is not difficult to see that X' 2 (g) — X 2 (g) and Proposition Yd . 21 easily follows. 
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3.3. Euler-Lagrange equation of a minimizer of A2Vol 2 ^ n . 

Lemma 3.3. Let u e L+(M) with J u N = 1. Suppose that w\,W2 £ H 2 (M) \ {0}, w\,W2 > satisfy 

(c„|Vu;i| 2 + Sculgwf) dv g < fi 2 {M,g) J u N - 2 w\ (11) 
(c„|Vu;2| 2 + Scal g w 2 ) dv g < ^{M,g) f u N - 2 w 2 2 (12) 



and suppose that (M \ w^(0)) D (M \ ^(O)) /ia.s measure zero. Then u is a linear combination of wi 
and ui2 and we have equality in (|llf) and <|12|) . 



Proof. We let u = aw\ + bw2 where a, b > are chosen such that 

a N - 2 J M u N - 2 w 2 dv g J M w?dv g 



b N - 2 I M ^ 2 ^dv g f M w?dv g 

and 



(13) 



u N dv g =a N w?+b N w? = 1. (14) 

M JM J 

Because of the variational characterization of fi2 we have 

H2(M,g)< sup F(u, \wi + [IW2) (15) 

(A :M )GR2\{(0 : 0)} 

By (lll|) . 112| ) and (|14|l . and since (M \ tef^O)) n (M \ w^iO)) has measure zero 

A2 Im (c T1 |Vwi| 2 + Sgwfj dv g + \i 2 J M (c n |Vw 2 | 2 + S g wfj dv g 



F(u, Xwi + 11W2) 



X f M \u\^w 2 dv g + ^ J M \u\»-*v$ dv g 
. X 2 L , u N - 2 w 2 dv g + 1? J M u N - 2 w 2 dv g 
X a Jm w i dv g + fj, 2 b N 2 J M w^dv g 



As one can check, relation l|13fl implies that this expression does not depend on A, /i. Hence, setting A = a 
and fi = b, the denominator is 1, and we get 



sup F(u, Xwi + fxw 2 ) < fi 2 (M,g) / u N 2 (a 2 w\+b 2 w 

(A,^)6R 2 \{(0,0)} JM 



tx 2 (M,g) / u N - 2 u 2 dv g . 

JM 



By Holder inequality, 



sup F(u,X Wl + fiw 2 ) < H 2 (M,g) / u N dv g ) / u N dv g ) =fi 2 (M,g). (17) 

(A lAI )eR 2 \{(0,0)} \Jm J \Jm J 

Inequality (|15|l implies that we have both equality in the Holder inequality of (|17fl and in \V6\ . The 
equality in the Holder inequality implies that there exists a constant c > such that u = cu almost 
everywhere. Moreover, since J u ~ J u N — 1, we have u = u — aw\ + bvj2- The equality in (|16fl implies 
inequality in (fTTf) and fTS|) . □ 

Theorem 3.4 (Euler-Lagrange equation). Assume that ^{M, <?) 7^ and that ^2{M,g) is attained by 
a generalized metric g — u N ~ 2 g with u G L^_(M). Let v,w be as in Provosition VJ.'A Then, u = \w\. In 
particular, 

L g w = n 2 (M,g)\w\ N - 2 w (18) 
Moreover, w has alternating sign and w € C 3,a (M) (a < N — 2). 
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Remark 3.5. Assume that /i 2 (M, g) is equal to and is attained by a generalized metric g' , then, using 
the conformal invariance of the Yamabe operator, it is easy to check that for all generalized metrics 
g conformal to g' ', we have A2Q7) = 0. Consequently, each metric conformal to g is a minimizer for 
fi2(M,g) and Theorem 13.41 is always false in this case. However, we will still get a nodal solution of 
if fi2(M,g) = 0. Indeed, by Theorem 1 1 . 41 and the remark above, \2(g) = 0. Let w be an eigenfunction 
associated to \2(g)- We have L g w = 0. Then, we have a solution of (|18(l . 

Remark 3.6. Assume that ^(M, g) ^ and that fi2(M,g) is attained by a generalized metric. Let 
w be the solution of equation 118|) given by Theorem 13.41 We let fl + = {x G M s.t. w(x) > 0} and 
f2_ = {x G M s.t. w(x) — 0}. Then, a immediate consequence of Lemma |3.3I is that f2+ and f2_ have 
exactly one connex component. 

Proof. Without loss of generality, we can assume that J M u dv g = 1 . By assumption we have A2 (g) = 
fi 2 (M,g). Let v, w G Hf(M) be some functions satisfying equations (0), JBJ) and relation (0. 

Step 1. We have Xi(g) < \2(g)- 

We assume that Xi(g) = A 2 (g). Then, after possibly replacing w by a linear combination of v and w, 
we can assume that the function u~^~w changes the sign. We apply Lemma 13.31 for ui\ :— sup(w,0) 
and VJ2 '■= sup(— w,0). We obtain the existence of a,b > with u = aw% + bu>2- Now, by Lemma |3.1I 
w G L N+£ (M). By a standard bootstrap argument, equation JSJ shows that w 6 C 2:Q (Af) for all a G]0, 1[. 
It follows that u G C°' Q (M) for all a G]0, 1[. Now, since Ai(^) = \2{g) and by definition of \\{g) : w 
is a minimizer of the functional w 1— > F(u,w) among the functions belonging to Hi(M) and such that 

JV — 2 

w ^ 0. Since F(u,w) — F(u, \w\), we see that |u>| is a minimizer for the functional associated to 
Ai(<7) and hence, writing the Euler-Lagrange equation of the problem, w satisfies the same equation as 
w. As a consequence, \w\ is C 2 (M). By the maximum principle, we get \w\ > everywhere. This is false. 
Hence, the step is proved. 

Step 2. The function w changes the sign. 

Assume that w does not change the sign, i.e. after possibly replacing w by — w, we have w > 0. Using (j5J 
we see that (M \ w _1 (0)) n (M \ w _1 (0)) has measure zero. Setting wi :— v and W2 ■= w we have (|llfl 
and p2(l . While we have equality in (|12|) . Step 1 implies that inequality 111(1 is strict. However using 
Lemma 13.31 we can derive equality in l(llj) . Hence we obtain a contradiction, and the step is proved. 

Step 3. There exists a,b > such that u — asup(iu,0) + 6sup(— w, 0). Moreover, w G C 2 ' a (M) and 
u G C°' a (M) for alia G]0,1[. 

As in the proof of Step 1 we apply Lemma for wi := sup(w, 0) and u> 2 := sup(— w, 0). We obtain the 
existence of a, b > such that it = awi + bw2- As in Step 1 we get that w G C 2,a (M) and u G C°' a (M) 
for all a G]0, 1[. This proves the present step. 

Step 4. Conclusion. 

Let h G C°°(M) whose support is contained in M \ {w~ 1 (0)}. For t close to 0, set u t — \u + th\. Since 
u > on the support of h and since it is continuous (see last step), we have for t close to 0, Ut = u + th. 
As span(w, w) G Gr^ (H 2 (M)) we obtain using 101 for all t 



t*2{M,g) < 



sup 

(A, M )eR 2 \{(0,0)} 



F(u t , Xv + fiw). 



Equations 10, ©, and relation 10 yield 



A 2 A!(g) J M u N ~ 2 v 2 dv g + ^\2{g) J M u N ~ 2 w 2 dv g 



2. 



F(u t ,Xv + fxw) 



A 2 X 



M 



2 v 2 dv g + 2\jjL J M 2 vw dv g + jj? J M 2 w 2 dv g 



(. 



M 



u t dv g 



) 




THE SECOND YAMABE INVARIANT 



9 



where 



a t = I 2 v 2 dv g , 

M 



b t = 2 I u t 2 vw dv 



and 

C t = uf^ 2 W 2 dv„ 



J M 

The functions at, bt and Ct are smooth for t close to 0, furthermore ciq = cq = 1 and bo = 0. The function 
f(t,a) := F(ut, sm(a)v + cos(a)w) is smooth for small t. Using Xi(g) < X 2 (g) one calculates 

_/(0,o) = & aejz 

oa 2 

d 2 

— /(0, a) < for a e ttZ 

(9 2 7T 

t— /(0, a) > for a E ttZ + - 

oar z 

Applying the implicit function theorem to §^ at the point (0,0), we see that there is a smooth function 
t >— > a(t), defined on a neighborhood of with a(0) = and 

f(t, a(t)) = sup f(t, a) = sup F(u t , Xv + ^tw). 

am (A,^)£R 2 \{(0,0)} 

As a consequence 

-^-|t =0 sm 2 a(t) = —\ t =o cos 2 = — | f=0 (sin 2 a(t)a t ) = |t=o(sin a(t) cos a(i)6 t ) = 0. 
dt dt at dt 

Hence, 4z\t=o f(t, &{t)) exists and we have 

^|t=o /(*,«(*)) = A 2 (Af,§) ^-^lt=o c * + ^lt=o(^Kr^ 9 

= X 2 [M,g)(N-2)(- [ u N - 3 hw 2 dv g + [ u N - 1 hdv g ) . 
By definition of fi 2 (M,g), f admits a minimum in t = 0. As A2(M, g) = fj, 2 (M,g) ^ we obtain 

u N - 3 hw 2 dv g = [ u^hdvg. 

M JM 

Since h is arbitrary (we just have to ensure that its support is contained in M \ {u _1 (0)}), we get that 
u N ~ 3 w 2 — u N ^ x on M \ {it _1 (0)}, hence u = \w\ on M\ {m _1 (0)}. Together with Step 3, we get u = \w\ 
everywhere. This proves theorem 13.41 □ 

4. A SHARP SOBOLEV INEQUALITY RELATED TO fX 2 (M,g) 

4.1. Statement of the results. For any compact Riemannian manifold (M,g) of dimension n > 3, 
Hebey and Vaugon have shown in ( HVQl]) that there exists Bo(M,g) > such that 

f&ns l i\ I • f Im C ^\ Vu \ 2 + B oJm u2 dv 3 (as 

/ills ) = n(n — 1) ujn = ml — — ^ (S) 

ueH?(M)\{0} (J M u^dv g )- 

where u> n stands for the volume of the standard n-dimensional sphere S" and where /x 1 (S n ) is the Yamabe 
invariant of E> n . 

This inequality is strongly related to the resolution of the Yamabe problem, ft allows to avoid concen- 
tration for the minimizing sequence of fj,i(M,g). For the minimization of fj, 2 (M,g), this inequality is 
not sufficient and another one must be constructed. The following result is adapted to the problem of 
minimizing \i 2 (M, g) . 
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Theorem 4.1. On a compact connected Riemannian manifold (M,g) of dimension n > 3 we have 

2 i, rW = nf mn C/m c n\Vv\ 2 dv g + B (M, g) J M v 2 dv g ) (J M u N dv g ) * 

/"(Ui^S) ) = ml sup ~ (bi 

uei^(M) „ e v\{0} Jm u v dv 9 

where Bo(M,g) is given by inequality (S). 

We present now two corollaries of Theorem 14.11 

Corollary 4.2. For the standard n-dimensional sphere we have /i2(§>") = 2"/xi(8"). 
Corollary 4.3. For all u G C C °°(R") and V G Gr^(C c °°(R n )) we have 

2^a(E-)< sun Cn\Vv\ 2 dv g ) {^\u\ N dv^ 
I fii{h ) < sup j. — : 

*>ev\{o} V M 2 v 2 dv g 

4.2. Proof of theorem 14.11 The functional 

(Im c "I Vv I 2 dv 9 + B o(M, g) f M v 2 dv g ) (J M u N dv g ) * 



G(u,v) 



J M U N 2 V 2 dVg 

is continuous on L+(M) x (H 2 (M) \ {0}). As a consequence I(u, V) :— snp v£V \^ y G(u,v) depends 



continuously on u G L+(M) and V G Gr%(Hf(M)). Thus, in order to show the theorem it is sufficient to 
show that I(u, V) > 2 2 />i(§") for all smooth u > and V G Gr 2 (C°°(Af)). Without loss of generality, 
we can assume 



AT .... 
M 



u N dv g = l. (19) 



2-iV . , 2-N 



The operator v \— > P(v) := c n u 2 A(u 2 v) + Bo(M 7 g)u 2 N v is an elliptic operator on M, and P is 
self-adjoint with respect to the L 2 -scalar product. Hence, P has discrete spectrum Ai < A2 < . . . and the 

2 — N 

corresponding eigenfunctions ipi, ip2, ■ ■ ■ are smooth. Setting Vi :— u^~ifi we obtain 

(CnA + B )(Vi) = Xi^^lH 



i 2 ViVj dv g = if Ai ^ \j. 

The maximum principle implies that an eigenfunction to the smallest eigenvalue Ai has no zeroes. Hence 
Ai < A2, and we can assume v\ > 0. 

We define w + :— a+ sup(0, 1*2) and W- := a_ sup(0, — v%), where we choose a + , a_ > such that 

u N - 2 w 2 _ dv g = [ u N ' 2 w 2 + dv g = 1. 

I M JM 

We let f2_ = {w < 0} and f2 + = {w > 0}. By Holder inequality, 

iV-2 iV-2 

Using the sharp Sobolev inequality (S), we get that 



2/ii(S n ) < |y u^dugj J w-u 1 ^ P (u^ dv g (20) 

N-2 
\ N r 

M \ I N-2 / N-2 \ 

u dvg \ / w+u 2 P hi 2 w+ \ dv g (21) 



THE SECOND YAMABE INVARIANT 



11 



2 < 2^ 1 (S")- 1 A 2 ( 


/ u N dv g + 


L uNdV9 ) 




JQ- 





Since w_ resp. w + are some multiples of w on f2_ resp. 17+, they satisfy the same equation as w. Hence, 
we get that 

2 = Ml (S«)-% (7j- n _u N dv g )^J M u^-Vdv g +(j Q+ ^dv g )^J M u N - 2 wldv g 

) JV-2 JV- " 

Now, for any real non-negative numbers a, b > 0, the Holder inequality yields 

.V -2 

„ 2 / '■ , JV \ AT 

a + b < 2« a"- 2 + 6~- 2 J 

JV — 2 Af-2 

We apply this inequality with a = (j n u N dv g ^j ™ and b — ^ J n+ u N dvg^j " . Using (|19|l . we obtain 

!*/i 1 (§") _1 A 2 . 

We obtain A2 > 2^ fi(§> n ). Since A2 = I(u, span(i>i, V2)), this ends the proof of Theorem 14. II 

4.3. Proof of Corollaries 14.21 and l4l3l It is well known that Bo(S n ) equals to the scalar curvature 
of S n , i.e. Bo(S n ) — n(n — 1). Replacing Bo(S n ) by its value and taking the infimum over u, V, the right 
hand term of inequality (Si) is exactly the variational characterization of /x 2 (S") (see equation (J2J). This 
proves that /i 2 (§") > 2 2 />i(§"). Corollary then follows from Theorem El Since M™ is conformal 
to S™ \ {p} (p is any point of §"), we can use the conformal invariance to prove Corollary 14. 31 

5. Some properties of [i 2 (M,g) 

5.1. Is fi 2 (M, g) attained? Let (M, g) be an n-dimensional compact Riemannian manifold. The Yamabe 
problem shows that ni(M,g) is attained by a metric g conformal to g. Some questions arise naturally 
concerning fi2(M,g): 

1- Is fi2(M,g) attained by a metric? 

2- Is it possible that H2(M,g) is attained by a generalized metric? 

In this section, we give answers to these questions. The first result we prove is the following: 

Proposition 5.1. Let §™U§™ be the disjoint union of two copies of the sphere equipped with their standard 
metric. Then, /i 2 (S n ClS n ) = 2 2 / Tl /^i(§™) and it is attained by the canonical metric. 

Proof. One computes 

A 2 (§"U§") Vol(§"U§™) 2/ ™ = 2 2 /™Ai(S") Vol(S™) 2/ ™ = 2 2 /™/n(§™). 
Hence /j 2 (§ n U§") < 2 2 />i(§") follows. 

Now, let g be an arbitrary smooth metric on S n C)S n . We write 5 1 " for the first 5™ and S 2 for the second 
S n . Then A 2 (S n US n ,<7) is the minimum of \ 2 (S?,g), X 2 (S^g) and m&x{\i(S?,g),\i(S%,g)}. 

It follows from Corollary 14 . 21 that 

X 2 (S{\~g)Vo\(S n iJS n ,g) 2 / n > X 2 (S?,~g)Vo\(Sl\g) 2 / n > 2 2 /> 1 (S"), 

and obviously we have the same for X 2 (S 2 ,g). 

Summing 

Ai(5.r,g) ri/2 >^i(S")" /2 Vol(5.r,5) 
over i 6 {1,2}, we obtain the remaining inequality 

m^{Xi(S[\g),Xi(S 2 \~g)}Vol(S n US n ,g) 2 ^ > 2 2 /> 1 (§»), 
and the proposition is proved. □ 
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Question 1 is solved by the following result. 

Proposition 5.2. If M is connected, then /i2(M,g) cannot be attained by a metric. 

Indeed, otherwise by Theorem 13.41 we would have that u = \w\ and hence u cannot be positive. Theo- 
rem ^31 an d the following result answer Question 2. 

Proposition 5.3. The invariant ^(S") is not attained by a generalized metric. 
This proposition immediately follows from Proposition 15. 61 

5.2. Some bounds of ^(M, At first, we give an upper bound for fjh 2 {M,g). 

Theorem 5.4. Let (M, g) be an n-dimensional compact Riemannian manifold with fj,\(M, g) > 00. Then. 

p»(M,g) < (/xi(M, 5 )t + Ml (§")?)». (22) 
This inequality is strict in the following cases: 

• /ii(M y g) > 0, (M,g) is not locally conformally flat and n > 11; 

• fj,i(M,g) — 0, (M,g) is not locally conformally flat and n>9. 

From the solution of the Yamabe problem by Aubin and Schoen |Aub761 ISch84j we know that if (M, g) 
is not conformally equivalent to S™, then fj,i(M,g) < /j,i(E> n ). Hence, <|22[) implies the following corollary. 

Corollary 5.5. Let (M,g) be an n-dimensional compact connected Riemannian manifold whose Yamabe 
invariant is non-negative. Then H2{M,g) < ^2{^ n ) with inequality if and only if(M,g) is conformally 
diffeomorphic to the sphere S". 

These inequalities are very important, because they can be used to avoid concentration of minimizing 
sequences for /X2 , in a way which is similar to the resolution of the Yamabe problem. 

The following proposition gives a lower bound for fi2- 

Proposition 5.6. Let (M,g) be a n-dimensional compact Riemannian manifold whose Yamabe invariant 
is non-negative. Then, 

l M 2 (M,g)>2^ f x 1 (M,g). (23) 

Moreover, if M is connected and if \x 2 (M, g) is attained by a generalized metric, then this inequality is 
strict. 

When fii(M,g) = 0, inequality (|23|l is trivial. If fix(M,g) > 0, by a possible chande of metric in the 
conformal class, we can assume that the scalar curvature is positive. The proof of inequality (|23|l is 
exactly the same as the one of Theorem 14.11 We just have to replace Bo(M,g) by S g . Moreover, if M 
were connected and if ^,2{M,g) were attained by a generalized metric, then inequality H20|l would be an 
equality and we would have that w + or w_ is a function for which equality in the Sobolev inequality (S) 
is attained. By the maximum principle, we would get that w + or u;_ is positive on M which is impossible. 

5.2.1. Proof of theorem \5.4\ 

Lemma 5.7. For any a > 2, there is a C > such that 

\a + b\ a <a a +b a + C{a a - 1 b + ab 01 ' 1 ) 

for all a,b > 0. 

Proof of Lemma 15.71 Without loss of generality, we can assume that a = 1. Then we set for x > 0, 
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One checks that linXj._>o f(x) = \im x ^ +oc fix) = a. Since / is continuous, / is bounded by a constant C 
on K.+ . Clearly, this constant is the desired C in inequality of Lemma f5. 71 



Proof of Theorem EH For u E Hf(M) \ {0} let 

Y(u) = 



J M c n \Wu\ 2 + Sgu 2 dv g 



(J M \u\»dv g )» 

be the Yamabe functional of M. The solution of the Yamabe problem provides the existence of a smooth 
positive minimizer v of Y, and we can assume 

v N dv g = l. (24) 

M 

Then, v satisfies the Yamabe equation 

L g v = ^ 1 (M,g)v N - 1 . (25) 

Let xq € M be fixed and choose a system (xi,--- ,x n ) of normal coordinates at xq. We note r = 
distg(xo, ■)■ If <5 > is a small fixed number, let 77 be a smooth cut-off function such that < rj < 1, 
r)(B(x ,5)) = {1} and r)(M \ B(x , 25) = {0}, |V?/| < 2/5. Then, we can define for all e > 

v £ = C £ f](e + r 2 )^ . 

where C R > is such that 

v?dv g = l. (26) 



g 

M 



By standard computations (see |Aub76p 



limY( W£ ) = Ml (§"). (27) 

e— >0 

If (M, g) is not locally conformally flat, if g is well chosen in the conformal class and if x$ is well chosen 
in M, it was also proven in |Aub76| that there exists a constant C(M) > such that 



Y(v e ) 

Moreover, it follows from |Aub76| that 



Ati(§") - C(M)e 2 + o(e 2 ) if n > 6 

Ati(§") - C(M)e 2 1 ln(e) | + o(e 2 | ln(e)|) if n = 6. 



2m.^m , „ fM „w (28) 



ae 4 < C £ < 6e 4 



where a, 6 > arc independent of e. If p > 1, standard computations made in |Aub76j show that there 
exist some constants c, C > independent of e such that 



< 



M 



(29) 



where 



z 4 
I ]n(e)|e^ 

(n-2)p 



if P=^55 
if P<^I 



Since the large inequality if easier to obtain, we only prove strict inequality. Assume first that /ii(M, g) > 
0, that (M,g) is not locally conformally flat and that n > 11. We set, 



Y(v s ) "-*v e + fj,i(M, g) "-*v. 
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Let us derive estimates for F(u e , Xv £ + fj,vf\ . Let (A, fx) e ]R 2 \ {(0, 0)}. Using pijl. and the equation 
(|25[1 of v, we get that 

_ A 2 / M i; E L g (u E ) cfa g + fj 2 J M vLgjy) dv g + 2A/x J M ^ E £ g 7; <fo g / f „ 
A 2 y(^)+ M 2 Ml (Af,,g) + 2A W i(M,g)/ M |i;r- 2 W£ ^ g f / w 

a 2 j M \ Ue r-*vi d Vg + m 2 j M | Ue r- 2 « 2 d« g + 2\fi j M kr-H <k 

Using the definition of w £ 



e <fo 9 ) . (30) 

M 



< 1. 



A / | W£ | iv - 2 « 2 d« g +^ / \u E \ N - 2 v 2 dv g + 2Xfi \u £ \ 1 ^ 2 vv £ dv g 

JM JM JM 

> X 2 Y(v £ ) J M \v £ \ N dv g + n 2 m(M, g) f M \v\ N dv g + 2Xfi J M \u £ \ N - 2 vv £ dv g 
= X 2 Y{v £ ) + /i 2 /xi(M, 5 ) + 2Xfi J M \u £ \ N - 2 vv £ dv g . 

If A/i > 0, we have 

2Xn / \u £ \ N - 2 vv £ dv g > 2Xfj,m(M,g) / v N ' 2 v £ dv g . 

JM JM 

This implies that 

X 2 Y(v £ ) + /i 2 /!! (M, g) + 2A m (M, g) J M br~ 2 f d £ cfo g 
A 2 / M d Ug + m 2 | M \u £ \"- 2 v 2 dv g + 2X/J, f M \u £ \"- 2 vv £ dv g 

If Xfj, < then, we write that since N — 2 g]0, 1[, 
We obtain that 

A 2 / \u £ \ N - 2 v 2 dv g +fi 2 [ \u £ \ N ~ 2 v 2 dv g + 2Xfi [ \u £ \ N ~ 2 vv £ dvg 

JM JM JM 

> X 2 Y(v £ ) + p 3 m(M,g) -C ( f v N - 1 v £ dv g + f v^^vdv, 

\JM JM 

where C > is as in in the following a positive real number independent of e. Together with (|29|l . we 
get that 

A 2 / \u £ \ N ~ 2 v 2 dv g + f i 2 [ \u £ \ N - 2 v 2 dv g + 2Xn f \u £ \ N - 2 vv £ dvg>X 2 Y(v £ ) + [i 2 f i 1 (M,g) + 0(e^ 1 ). 

JM JM JM 

It follows that 

X 2 Y{v £ )+^^(M,g) + 2X^ l {M,g)^ M \v\ N - 2 vv £ dvg ^ 

By Lemma 15.71 

' u^dvg < (T(« e ))* / d« fl + /ii(M, fl )9 f v N dv g 

M JM JM 

+C[[ v N ~ 1 v £ dv g + [ v^vdvc 

\Jm JM 

By (EH), JUl, QSJ and (Hi, we obtain 

ufdu 9 ) < (Mi(M, 5 )t + Ml (S«)f)" -Ce 2 + 0(£^)+o(e 2 ). (32) 

M J 
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Since n -j^ > 2, we get from <|31|) and IMl't that for e small enough 
H2(M, g) < sup F(u ei Xv £ + fiv) 

(A, M )6R 2 \{(0,0)} 

< (m(M,g)$ -Ce 2 + 0(e^)+o{e 2 ) < (/ii(M )5 )f + /ii(S n )*)» . 

This proves Theorem IQ1 if ^i(M,g) > 0. 

Now, we assume that fii(M,g) = 0, that (M,g) is not locally conformally flat and that n > 9. For more 
simplicity, We set u £ = v £ instead of u £ = Y(v e ) s ^v e as above. We proceed exactly as in the case 
tn(M,g) > 0. We obtain that for (A,/x) £ R 2 \ {(0,0)} 

F(u £ ,Xve+H = x>f M v?dv g +ff M \v £ \ N ~ 2 v^ dv g + 2Xfi J M \v £ \^vdv g U/ f dv » 

X 2 Y(v £ ) 



A 2 + M 2 J M \ve\ N ~ 2 v 2 dv g + 2Xfi J M \v e \»-iv dv g ■ 

Let A e , fi e be such that X 2 + ji 2 = 1 and such that 

F(u £ , X £ v £ + tx e v) = sup (u e , Xv £ + fiv). 

(A,^)eR 2 \{(0,0)} 

If A £ = 0, we obtain that F(u e , X £ v £ + jj, e v) — and the theorem would be proven. Then we assume that 
X £ ^ and we write that 

where x £ = ^ and where, using (|29[l 

,JV-1 



and 



b £ = I v £ v dv g ~ £ ^ Ce 4 

M 



2 v 2 dv„ ~e^o Ce. 



I M 

Maximizing this expression in x £ and using (|28() . we get that 

Ml (S") - C{M)e 2 + o( £ 2 ) _ m (§") - C(Af) £ 2 + o( £ 2 ) 

r (u £l a £ v £ + /x e iij s p — — „_ 4n ■ 

1-57 l-O(s^) 

Since n > 9, > 2 and we get that for e small, 

F(u £ ,X £ v £ + fi £ v) <m(S n ). 

This proves Theorem l5.4l 

6. Existence of a minimum of ^ 2 {M,g) 
The aim of this section is to prove Theorem 1 1.41 

We study a sequence of metrics (g m )m — i u m~ 2 9)rn (u m > 0, u m G C°°(M)) which minimizes the 
infimum in the definition of ^(M, g) i.e. a sequence of metrics such that 

limA 2 (5 m )Vol(M,3 m )" = fj, 2 (M,g). 

m 

Without loss of generality, we may assume that Vol(M, g m ) = 1 i.e. that 

u^dvg = 1. (33) 

M 
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In particular, the sequence (u m ) m is bounded in L (M) and there exists u £ L N (M), u > such that 
u m — 1 u weakly in L N (M). We are going to prove that u / and that the generalized metric u N - 2 g 
minimizes /i2(M,g). Proposition 13.21 implies the existence of v m ,w m £ C°°(M), v m > such that 

L g V m = Xl^nU^^Vm (34) 

and 

LgW m = \2, m u^~ 2 w m - (35) 

where \i t m = \ {9m) and such that 

u m~ 2v li dv g = I u Z~ 2w li dv g = 1 and / u^ 2 v m w m dv g = (36) 
With these notations and by J2sU), 



limA 2 . m = fJ,2(M,g). 

m 

Moreover, by the maximum principle, v m > 0. If Ai. m = \2, m then w rn would be a minimizer of the 
functional associated to Ai jm and by the maximum principle, we would get that w m > 0. This contradicts 
Hence, Ai lTn < A2, m for all m. The sequences (v m ) m and (w m ) m are bounded in Hf(M). We can 
find v,w 6 H 2 (M), v > such that w m (resp. w m ) tends to v (resp. w) weakly in H 2 (M). Together 
with the weak convergence of the (u m ) m towards u in L N (M), we get that in the sense of distributions 



L g v — juiit 2 v (37) 

and 

L g w = fi 2 (M, g) u N - 2 w. (38) 

where 'fix = lim m Ai, m < (j, 2 (M,g). 

From what we know until now, it is not clear whether v and w are linearly independent, and even if they 
are, their restrictions to the set M \ u -1 (0) might be linearly dependent. 

It will take a certain effort to prove the following claim. 

N— 2 N— 2 

Claim 6.1. The functions u~z~v and u~^~w are linearly independent. 

Once the claim is proved, we have span(w,w) £ Gr^-f/f (Af)), and this implies that 

sup F(u, Xv + ^jlw) — fi2(M, g). 

(A, M )/(0,0) 

Hence, by equations (|37|l and Ij38(l . the generalized metric u N ~ 2 g minimizes (i2(M,g), i.e. Theorem 1 1.41 
is proved. 

The first step in the proof of the claim is an estimate that avoids concentration of w m and v m . 

Step 1. Let x E M and e G JO,^-^. We choose a cut-off function rj £ C°° such that < r\ < 1, 
i](B x (5)) = 1 (where 6 > is a small number) and r\(M \ B x {28)) = 0, |Vry| < 2/5. We define 
W m = rj\w m \ £ w m . Then, we have 

— / \ n — 

\W m \ N dv g ) N < M 2(M,5)(l"ae)"Vi(S n ) _1 ( / <) (f \W m \ N dv g ) N +C S . (39) 

M / \Jb x (2S) J \JM J 

where Cs is a constant that may depend on S but not on e and where lim e ^o a e = 0. Moreover, the same 
conclusion is true with V m — rj\v m \ £ v m instead ofW m . 
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The proof uses classical methods. We will explain the proof for W m . The proof for V m uses exactly the 
same arguments. 

At first, we differentiate the definition of W and obtain 

2 



ivw„ 



This leads to 



> 



> 



V(|uw| £ w m ) ry 2 - (2|Vry| \w m \ 1+£ ) ( V(\w m \ £ w m ) 77) + |V?y| 2 |io ro | 



\2+2e 



V(\w m \ £ w mi 



V(|w; m | £ u; m )|V + 2|V77| 2 K 



V 2 \V(\w m \ £ w m )\ 2 < 2\VW m \ 2 + 2|Vr/| 2 | Wm | 2+2£ . 
Now, we want to derive lower bound for 

(V(?7 2 | Wm | 2£ Wm ), Vw m ) = \VW m \ 2 - |V(r/|w m | £ )| 2 \w m \ 2 

For the second summand on the right hand side in i|41|) we have the bound 



|Vt7| 2 K 



|2+2e 



(40) 
(41) 



\V(n\w m \ £ )\ 2 \w 



|Vr7| 2 |w r . 



|2+2 £ 



< 2\Vn\ 2 \w m \ 2+2£ + 2 V 2 



2(Vr],V\w m \ E )r]\w 7 
2 



\ 2+£ +rf 



V(\w r , 



< 2\Vn\ 2 \w r 



\2+2e 



V(|w m | e ) 
2?7 2 e 2 



(1 + e) 2 



< (2- 



4e 2 



r)|V?7| 2 k m | 



2+2e 



V(\w m \ £ w m ) 
4e 2 



\VW„ 



(l+e) 2 ' 1 " 1 m| (1 + e) 2 ' 

Here, we used <|4(J|) in the last line. Coming back to 111(1 . we obtain that 

(V(r] 2 \wm\ 2£ w m ),Vw m ) > (l~a E )\VW m \ 2 -C\Vr 1 \ 2 \w m \ 2+2£ . 
where a e — > when e — > and where C > is a constant independent of e. This relations shows that 



rj z \w m \ Z£ w m L g (w m )dv g > (l-a £ ) / c„ | V W m p dv g - C* / |V?7r|w m |^ e dv g + minScal / W^dv g . 

M JM JM J 

Now, since e < ^^,the sequence (w m ) m is bounded in L 2+2e (M) (and hence the sequence (W m ) m is 
bounded in L 2 {M)). As a consequence, there exists a constant Cs possibly depending on 6 but not on e, 
and such that 



V 2 \wrn\ 2£ w m L g {w m )dv g >{l~a e ) / (c n \VW rn \ 2 +B (M,g)W^) dv g -Cs. (42) 

Using equation (|35|) in the left hand side of l|42|) and applying Sobolev inequality (S) to the right hand 
side, we get that 



H2(M,g) / u^~ 2 Wl dv g > (1 - ae)A*i 

JM 



(s«)(7 

VM 



By the Holder inequality, we obtain 



\W m \ N dv g < (i 2 {M,g){l - a e )"Vi(§ n )" 



C S . 



\W m \ N dVg) +C 5 



I M J \JB n; (28) J \JM 

This ends the proof of the step. 

Step 2. If /j,2(M, g) < /ii(S n ), then the generalized metric u N ~ 2 g minimizes /j,2(M,g). 
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From l|39|l . and the fact ^(M, g) < fii(S n ), we get that for e small enough, there exists a constant K < 1 
such that 



\W m \ N dv g ) <K\ / \W m \ N dv g ) +C 5 . 

I M J \J B T (28) J \J M J 

Since J B ^ 2 s) u m — 1) the sequence j M \W m \ dv g is bounded. This implies that (w m ) m is bounded in 
L N+£ (B X (S)) and since x is arbitrary in L N+e {M). Weak convergences w m — > to in H%(M) implies strong 
convergence u> m — > u> in L N ~ e {M). The Holder inequality yields then strong convergence in L N (M). 
After passing to a subsequence we obtain that (w m ) m tends to w strongly in L N (M). This implies that 

jV — 2 iV — 2 

we can pass to the limit in l|36|l and hence that u^~v and u~5~w are linearly independent. The claim 
follows in this case. 

In the following, we assume that fii(M,g) > and that 

/tt(M, 5 )<(Mi(M, fl )*+Mi(S n )*)". 
We define the set of concentration points 

1 1 



n = i x e M 



MS > 0, limsup / u^dvg > 



Since fj^u^dvg — 1, we can assume — after passing to a subsequence — that fi contains at most one 
point. 

We now prove that: 

Step 3. Let U be an open set such that U C M \ f2. Then, the sequence (v m )m (and (w m ) m resp.) 
converges towards v (and w resp.) strongly in H 2 (U). 

Without loss of generality, we prove the result only for w. For any x G M \ f2 we can find 5 > with 

lim sup J dv g < — . 

Using fi 2 (M,g) < (fj,i(M,g)% + ^i(S n )^)" < 2»/ii(§ n ) we obtain for a small e > 

Ai2 (Af, 5 )(l-a e )-Vi(§")^ 1 ( / «£) <^<1 

\7 B s (2<5) / 

for almost all m. Together with inequality l|39|l . this proves that J M \W m \ dv g is bounded. This implies 
that (w m )m is bounded in L N+e (B x {8)). As in last step, this proves that up to a subsequence, (w m ) m 
tends to w strongly in L N (U). Using equation and (J3SJ, we easily obtain that 

lim / \Vw m \ 2 dv g = / \Vw\ 2 dv„. 
m Ju Ju 

Together with the weak convergence of (w m ) m to iv, this proves the step. 

Now, we set for all m, 

S, n = {Aw m + /iw m |A 2 + /i 2 = 1} and S = {Xv + /iw\X 2 + /j 2 = 1}. 

Step 4. There exists a sequence (w m )m (w m € and w *E S such that w m tends to w strongly in 

Hl(M). 
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By theorem 14.11 there exists X m ,fi m such that X 2 n + /i 2 ^ = 1 and such that 

2 2 /> 1 (§") f u^- 2 {\ m {v m -v) + Li m (w m - w)f dv g 

J M 

< c„|V(A m (u m - v) + n m (w m - w))\ 2 dv g (43) 

J M 

+ / B (M, g)(X m {v m -v) + n m {w m - w)) 2 dv g 
Jm 

Up to a subsequence, there exists A, /i such that A 2 +/i 2 = 1 and such that lim m A m = A and lim m \i m = /.t. 
We set w m = X m v m + /Lt m u> m € S m and w — Xv + /j,w. Then, w m tends to w weakly in H 2 (M). A first 
remark is that by strong convergence in L 2 (M) 

lira / (X m (v m - v) + fj, m (w m - w)) 2 dv g = 0. (44) 
m Jm 

Using the weak convergence of w n to w in H 2 (M) and the weak convergence of u m to u in L ■ (M), it is 
easy to compute that 

u^~ 2 {X m {v m - v) + n m (w m ~ w)) 2 dv g = / u^~ 2 w 2 n dv g - u N ~ 2 w 2 dvg + o(l) (45) 
m jm Jm 

and that 

c„|V(A m (w m - v) + fi m (w m - w))\ 2 dv g = A 2 / c n \Vv m \ 2 dv g - I c n \Vv\ 2 dv g 
m \Jm Jm 

+ [J 2 ( / c n \Vw m \ 2 dvg - / c n \Vw\ 2 dv t 
\J m Jm 

+ 2 A/i I / c n (Vv m , Vw m ) dv g - / c n (Vv,'Vw)dv g ) + o(l). 
\Jm Jm 

Using equations pij). iJSSJl, and j55jl. we get that 

c n |V(A m (u m - u) + fi m (w m - w))\ 2 dv g = X 2 //i I / bJ" 2 ^, <2u fl - / u^~ 2 v 2 *) dlJi 



m m P 

M V M J A/ 



+ ^ M2 (M,«?)( / uZ-'w 2 m dv g - / i^-Vjdt;, 
/m Jm 

+ 2X^fi2(M,g) ( / u^ 2 v m w m dvg- / u N ~ 2 vw dv g ) + o(l). 



Since jui < /i2 (M, <?) and since, by weak convergence 

liminf / u^ 2 v 2 m dv g ~ { u N ~ 2 v 2 ) dv g > 0, 
m Jm 

we get that 

c„|V(A m (u m - v) + n m (w m - w))\ 2 dvg < X 2 fi 2 (M 7 g)( / u^~ 2 v 2 n dv g - u N ~ 2 v 2 dv c 
m \Jm Jm 



+ M 2 M 2 (M, ff )( / u%- 2 w 2 m dv g - I u N - 2 w 2 dv, 



M J M 

+ 2Xn/j, 2 (M,g) ( / u^ 2 v m w m dv g - u N ^ 2 vwdv gj . 
Im Jm 



and hence, 

c n \V{X m {v m -v) + Li m (w m -w))\ 2 dvg </x 2 (M, ff ) ( / uZ~ 2 w 2 m dvg- / u N - 2 W 2 dv g ) +o(l). (46) 
m \Jm Jm 
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Together with g3J), |@U and we obtain that 



1 M 


" 2 w 2 m dv g - 


/ 

Jm 


Jm 


~ 2 w 2 m dv g - 


J 



u N 2 w 2 dv g 



^^^dVg ) +0(1). 



Since fi 2 {M,g) < (m(M,g)9 + m (§")*)" < 2^m(S n ), we get that 

(/ uZ- 2 w 2 m dv g - f u N ~ 2 w 2 dvg) < K ( I u^ 2 w 2 m dv g - f u N - 2 w 2 dvg] +o{l) 
\Jm Jm J \Jm Jm J 

where K < 1. This implies that 

1 = lim / u*- 2 w 2 n dv g = I u N - 2 w 2 dv g (47) 
m Jm Jm 

and hence by l|46|l . 

lim / c„|V(A m (u m - v) + fJ, m {w m ~ w))\ 2 dv g = 0. 
m Jm 

The step easily follows. 

As a remark, Ij47(l implies that u~ 2~~ W ^ 0. 

Now, we set v m = — fJ, m v m + \ m Wm and v = — [iv + Xw. We prove that 
Step 5. There exists x € M such that 

lim sup / u 2 m (y m — TJ) 2 dv g = 1 
m Jb^s 

for all 5 > 0. 

The sequence (v m )m tends to v weakly in H 2 (M). If f2 = 0, then we know from Step|3]that (v m )m tends 
to v strongly in H 2 (M), which implies J u N ~ 2 vw = 0. Hence, in the case f2 = 0, the functions u~^~ v 

N — 2 _ 

and u^~w are linearly independent, and the claim follows. 

Hence, without loss of generality let fl = {x} where x is some point of M . We assume that the claim is 

N — 2 N — 2 , N — 2 , . N — 2 

false, i.e. u~^~v and u^~w are linearly dependent. As u~^~ w ^ 0, there exists b 6 K with u^~v = 
bu^~w. Hence, 

0=/ u N - 2 v 2 dv g + b 2 [ u N - 2 w 2 dv g - 2b [ u N - 2 vwdv g . 
Jm Jm Jm 

By strong convergence of (w m ) m to w in H 2 (M), weak convergence of (v m ) m to v in H 2 (M) and weak 

' m u N ~ 2 w 2 dv g = 1 and J M \ 

,,A ,1,. l ;.2 n u. ., 



convergence of (u m ) m to u in L N (M), we have J M u N 2 w 2 dv g — 1 and J M u N 2 vwdv g — 0. We obtain 
Im uN ~ 2 v 2 dv g + b 2 = 0. As a consequence, u~^~v = 0. Let now <5 > 0. We write that 



By step|3 

This proves the step. 
Step 6. Conclusion. 



«m 2 (v m -v) 2 dvg = u% 2 v 2 n dv g 

-Bx(<5) JB m (S) 

= 1 - / U^V^dVg. 

JM\B X (5) 



lim / u!^ 2 v 2 n dv g = / u N 2 v 2 dv g = 0. 

M\Bx(S) Jm\Bv(5) 
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Let 6 > be a small fixed number. In the following, o(l) denotes a sequence of real numbers which tends 
to 0, however we do not claim that the convergence is uniform in S. By step and the Holder inequality, 



1 = / uZ~ z (v m -vYdv g + o(l) 



< I J (J fim ~ tf" dv g ) „( I ) . 



Applying Sobolcv inequality (S), we get that 

1 < (/ u%dv g ) fniS^ff c n \V{v m -v)\ 2 dv g +Bo(M,g) f (v m - vf dv g ) + o(l). 
\Jb x (s) J \Jm Jm J 

By strong convergence of (v m — v) m to in L 2 (M), 

2 

1 < {j B {5) u ™ dv <^j MifS")" 1 (J M C n \V(v m -v)\ 2 + S g (v m -v) 2 dv^J +o(l) 
Using equations l|34|) . I|35[l . (|37[1 . (|38|l and the fact that juj < ^(M, g), we get that 

1 < (/ <dt, fl j Ml (S")-V 2 (M, 3 ) / ^- 2 (TJ m -TJ) 2 d« ff 
O s ) Mi(§ n )"V2(M, 5 ). 

B,(<5) / 

Since n 2 (M,g) < (m(M,g)% + /i 1 (S")f we obtain that 



and since J M = 1 



Jm\ba&) M m ,s) 2 +Mi(s™) 2 



Im\b x {S) m " Vi(M,g)z + M1 (S») 
Now, we write that by strong convergence of (w m )m in H 2 (M) 



a s = I 2 w 2 n dv g 

B X (S) 



1 — ag = I ui^ 2 w 2 n dv g 

M\B m {5) 



where as does not depend of m and tends to when 5 tends to 0. By Holder inequality, 

1 - a s < / u^dvg) ( w N dv c 



m u ' u g 

M\B X (S) I \JM 



Since fj,\(M,g) is the minimum of Yamabe functional, we get that 

I - a s < / u^dvg] ^i(M,5) _1 / (c„|VW m | 2 + S g w 2 m ) dv g 

\Jm\Bt(S) I jm 



As we did for v, we obtain 
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l-a s < I / uldvg) m{M,g) 1 {i 2 {M,g) / 2 w 2 m dv g 



M\B„(6) I Jm 



By in the limit S — » 0, this gives 

M2(M, 5 )>( Ml (M, 5 )f + Ml (S")f)". 
This is false by assumption. Hence, the claim is proved, and Theorem II .41 follows . 

7. The invariant /ife(M) for k > 3 

A natural question is: Can we do the same work for /ifc(M) with k > 3? This problem is still open 
but seems to be hard. Let (M, g) be a compact Riemannian manifold of dimension n > 3. Using the 
variational characterization of /ifc(M), one can check that /ifc(M) < fc~/ii(§"). It is natural to conjecture 
that one has equality if M is the round sphere i.e. that = fc~/ii(§"). However, the following 

result shows that is false: 

Proposition 7.1. Let nSN*. Then, for n>7 

M« +2 (§") < (n + 2)t w (S n ). 

Proof: Let us study §™ with its natural embedding into M n+1 . We have L g (l) = n(n — 1). Hence, 
Ai(S n ) < n(n — 1). Let also Xi (i S [1, • • • , n + 1]) be the canonical coordinates on R n+1 . As one can 
check, 

i(n - l)(?i + 2) 



Lg(Xi) 



and hence A„ +2 (S") < " ( "~ lK " +2) . This shows that 



„ n(n-l)(n + 2) i 



As one can check, for n > 7 

n(n-l)(n + 2) = 
r 

n — 2 

This ends the proof of Proposition l7.il 



< (n + 2)»n(n - l)w r ? = (n + 2)™/ii(S n ). 



8. The case of manifolds whose Yamabe invariant is negative 

We let (M,g) be a compact Riemannian manifold of dimension n > 3. Then, we have: 
Proposition 8.1. Let k € N*. Assume that fik(M,g) < 0. Then, Hk{M,g) = — oo. 

Proof: After a possible change of metric in the conformal class, we can assume that \k{g) < 0. This 
implies that we can find some smooth functions v\ , • • • ,Vk satisfying 

LgVi = Xi(g)vi 

for alH G {1, • • • , k} and such that 

/ ViVjdvg = 
Jm 

for all i,j s {1, • ■ ■ , k}, i ^ j. Let v e be defined as in the proof of Theorem l5.4l We define u £ — v £ + e 
to obtain a positive function. We set V = • ■ • , Vk}- It is easy to check that, uniformly in v £ V 



lim / vf~ 2 v 2 dv g = 0. 
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Since < 0, it is then easy to see that sup^ g y F(v e ,v) 
ization of /j,k{M,g), we get that Hk(M,g) — — oo. 



-co. Together with the variational character- 



This result proves for example that if the Yamabe invariant of (M,g) is negative, then n\(M,g) = — oo. 
This is the reason why we restricted in this article to the case of non- negative Yamabe invariant. Many of 
our results and proofs remain valid in the case /j^(M) > 0. However, if the Yamabe invariant of (M, g) is 
non-positive, there are other ways to find nodal solutions of Yamabe equation. Indeed, Aubin's methods 
|Aub76| can be applied to avoid concentration phenomenom. See for example DJ02 , Jou99 , Hol99 
for such methods. Here, we present very briefly one new method in this case. We just sketch it since it 
is not the purpose of our paper to find solutions of Yamabe equation with Aubin's type methods. 

At first, for any metric g conformal to g, we let X± (g) be the first positive eigenvalue of Yamabe operator. 
We then define A + = inf \f(g)Val(M, g) » where the infimum is taken over the conformal class of g. 
Then, proceeding in a way analogous to |AmmC 



one shows that 



< A+ = inf 



J M \ L 9 U \ n + 2 dv i 

J M ULgUdVg 

where the infimum is taken over the smooth functions u such that 



uLgU dv g > 0. 

M 

Then, one shows using test functions that A+ < /ii(§™). If the inequality is strict, then we can find a 
minimizer for the functional above which is a solution of the Yamabe equation. If the Yamabe invariant 
is positive, this solution is a Yamabe metric and hence is positive. However, if the Yamabe invariant is 
non-positive, this solution has an alternating sign. 

A. Appendix: Proof of Lemma I3~T1 

Let (M,g) be a compact Riemannian manifold of dimension n > 3 and let v G H±(M), v ^ and 
u G L^f (M) be two functions which satisfy in the sense of distributions 



L g v = u N 2 v. 



(Eq) 

We define v+ = sup(t;,0). We let q G]l, -35] be a fixed number and I > be a large real number which 
will tend to +00. We let f3 = 2q — 1. We then define the following functions for x G M: 



Gi(x) 



and 



Fi(x) 



It is easy to check that for all x G 



Q 



if 
if 
if 



ql 



9-1, 



(q - 1)1" 



x < 
x £ [0,1 
x > I 



if 

if 
if 



x < 
x G [0,l[ 



X 



> I 



{F{{x)f<qG[{xl 



(49) 



and 



{Fi{x)f >xGi(x) 



(50) 
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xG'{x) < PGi{x). (51) 

Since Fi and Gi are uniformly lipschitz continuous functions, Fi{v+) and Gi(v+) belong to H 2 (M). Now, 
let xo 6 M be any point of M . We denote by r\ a C 2 non-negative function supported in _Ba; (2(5) (S > 
being a small number to be fixed) such that < 77 < 1 and such that rj(B Xo (8)) = {1}. Multiply equation 
(Eq) by rj 2 Gi(v + ) and integrate over M. Since the supports of v+ and Gi(v + ) coincide, we get: 

c n I {Vv+,Vri 2 Gi{v+))dv g + [ S g v +V 2 Gi{v+)dv g = [ u N - 2 v+r 1 2 G l {v + )dv g . (52) 
JAI jai Jai 

Let us deal with the first term of the left hand side of l|52() . In the following, C will denote a positive 
constant depending possibly on rj,q, /3,5 but not on I. We have 

(Vv+y^G^v+^dvg = f G l (v+)(Vv+,V7 1 2 )dv g + f G'^v+^Vv+^dvg 

\i JM JAI 

G l (v + )v + A( V 2 )-2 f v + G[(v + )r 1 (Vv + ,Vr 1 )dv g + f G'^v+^Vv+fdv, 

M JM JAI 

> -C [ v+G l (v + )dv g -2 [ v 2 + G[{v + )\Vr ] \ 2 dv g + l - [ G[(v + ) V 2 \^v + \ 2 dv g . 

JM JM z JM 



Using ignjl, (inOIl and (EDi we S et 

/ {Vv^Vifdiv+^dv, > -C [ ( Fl (v + )) 2 dv g + ±- f (Fl(v + )) 2 V 2 \Vv + \ 2 dv g 

JM JM zc t JAI 

> -C [ ( Fl (v + )) 2 dv g + ±- [ ^VF^v+^dv, 

JM zc t JM 

> -C [ ( Fl (v + )) 2 dv g + ±- I \V( V F(v + ))\ 2 dv g -±- I \Wr,\ 2 { Fl {v + )fdv g 

JM 4 <7 JAI z 1 JAI 

> -C [ ( Fl (v + )) 2 dv g + ±- [ |V(^( w+ ))| 2 ^ g . (53) 

JM 4 <7 JM 

Using the Sobolev embedding H 2 (M) into L N (M), there exists a constant A > depending only on 
(M, g) such that 

_2_ 

f \V{r 1 F{v + ))\ 2 dv g >A[ f (r,F(v + )) N dv g Y - [ (r,F(v+)) 2 dv g . 

JM \JM / JAI 

Together with l|53|l . we obtain 

_2_ 

(Vv+^rfGtv+ydVg > -C [ (F^v+rfdvg + ±-{ [ (riF(v + )) N dv g ) " (54) 

1 M JM 4 <7 \Jm J 

Independently, we choose S > small enough such that 

/ a 

U N dv g < I Cn — 
B* (2<5) V oq 

Relation i|50|l and Holder inequality then lead to 

/ u N - 2 v+r, 2 Gi(v + )dv g < [ u N - a Tf , (F l (v+)) 2 dv g <c n £( [ ( V F(v+)) N dv g ) . ( .V,i 

JM JM °<7 \JM 
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Since, by ifSTil) . 

/ S g v+ri 2 Gi(v + )dv g > -C [ (F^v+^dvg, 
we get from (JS3J) and (JHSJ that 

_2_ 

cr %{l M {7iF{v+))Ndv ) N - c L {Fi{v+))2dv: 



Now, by Sobolew embedding, v + 6 L N (M). Since 2q < N and since C does not depend on Z, the right 
hand side of this inequality is bounded when I tends to +00. We obtain that 

limsup / (r)F(v+)) N dv g < +00. 
1^+00 Jm 

This proves that v+ 6 L qN (B Xo (S)). Since xq is arbitrary, we get that v+ 6 L qN (M). Doing the same 
with sup(— v,0) instead of v + , we get that v e L qN (M). This proves Lemma fe. II 
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